We classify all compact simply connected biquotients of dimension 6 and 7.
Introduction
If M is a compact Riemannian manifold, then any subgroup of the isometry group acts on M . When M is homogeneous and the action is free, the quotient, a smooth manifold, is called a biquotient. Alternatively, biquotients can be defined as quotients of compact Lie groups by two sided actions. More precisely, given a Lie group G and a homomorphism f = (f 1 , f 2 ) : H → G×G, there is an induced action of H on G given by h * g = f 1 (h)gf 2 (h) −1 . When this action is effectively free, the orbit space, denoted G/ /H, naturally has the structure of a smooth manifold and is called a biquotient.
If G is endowed with a bi-invariant metric, then the H action on G is by isometries, and hence induces a metric on the quotient. By O'Neill's formulas [28] , this implies that all biquotients carry a metric of non-negative sectional curvature. Biquotients were introduced by Gromoll and Meyer [16] when they showed that for a particular embedding of Sp(1) into Sp(2) × Sp(2), the biquotient Sp(2)/ /Sp(1) is diffeomorphic to an exotic sphere, providing the first example of an exotic sphere with non-negative sectional curvature. Further, until the recent example due to Grove, Verdiani, and Ziller [17] and Dearicott [7] , all known examples of compact manifolds with positive sectional curvature were diffeomorphic to biquotients. See [5, 1, 37, 11, 12, 4, 31] . Furthermore, all known examples of manifolds with almost or quasipositive curvature are diffeomorphic to biquotients. See [38, 30, 14, 21, 20, 22, 33, 9] .
Biquotients of dimension 6 were used by Totaro [35] to construct infinitely many non-negatively curved manifolds with pairwise non-isomorphic rational homotopy types. Recently, Amann [2] has used a coarser classification of 7-dimensional biquotients in the study of G 2 manifolds.
Because each description of a manifold as a biquotient gives rise to a different family of non-negatively curved metrics, it is desirable to not only have a classification of manifolds diffeomorphic to a biquotient, but also to classify which groups give rise to a given manifold. Totaro [34] has shown that if M ∼ = G/ /H is a compact, simply connected biquotient, then M is also diffeomorphic to G / /H where G is simply connected, H is connected, and no simple factor of H acts transitively on any simple factor of G . We call such biquotients reduced, and will classify only the reduced ones. Further, because we allow our actions to have ineffective kernel, we may replace H by any finite cover of itself. Hence, we may also assume that H is isomorphic to a product of a compact simply connected Lie group and a torus. Suppose G 1 / /H 1 and G 2 / /H 2 are both biquotients. Further, suppose f : H 2 → G 1 × G 1 is a homomorphism defining an action of H 2 on G 1 which commutes with the H 1 action on G 1 . Then f gives rise to an action of H 1 ×H 2 on G 1 × G 2 with the H 2 factor acting diagonally. One easily sees that this action is effectively free, and hence, (G 1 × G 2 )/ /(H 1 × H 2 ) is a biquotient. Noting that this is nothing but the associated bundle to the principal H 2 -bundle G 2 → G 2 / /H 2 , it follows that (G 1 × G 2 )/ /(H 1 × H 2 ) naturally has the structure of a G 1 / /H 1 bundle over G 2 / /H 2 . We will call such biquotients decomposable.
The goal of this paper is to extend our classification of 4 and 5 dimensional compact simply connected biquotients to dimension 6 and 7. Theorem 1.1. Suppose M 6 ∼ = G/ /H is a reduced compact simply connected biquotient. Then one of the following holds: a) G/ /H is diffeomorphic to a homogeneous space or Eschenburg's [11] inhomogeneous flag manifold SU (3)/ /T 2 . b) G/ /H is decomposable. c) G/ /H is diffeomorphic S 5 × T 2 S 3 or (S 3 ) 3 / /T 3 .
The manifolds in b) include both of the S 4 bundles over S 2 , all 3 CP 2 bundles over S 2 , and infinitely many S 2 bundles with base a 4-dimensional biquotient, i.e., S 4 , CP 2 , S 2 × S 2 , and CP 2 # ± CP 2 , see Propositions 5.2 and 4.7. In particular every such bundle where the structure group reduced to a circle is a decomposable biquotient, see Corollary 4.12. In c), the T 2 and T 3 actions are linear and there are only finitely many actions which do not give rise to decomposable biquotients, see Propositions 5.2 and 4.6. The manifold CP 3 #CP 3 arises in case c). In dimension 7, we prove Theorem 1.2. Suppose M 7 is a reduced compact simply connected biquotient. Then one of the following holds: a) M is homogeneous, an Eschenburg Space SU (3)/ /S 1 , or the GromollMeyer sphere Sp(2)/ /Sp (1) . b) M is decomposable. c) M is diffeomorphic to an S 3 bundle over either S 4 or CP 2 , or diffeomorphic to S 5 × S 1 S 3 , (SU (3)/SO(3)) × S 1 S 3 , or (S 3 ) 3 / /T 2 .
In c), there are precisely two S 3 bundles over S 4 and two over CP 2 . For the other three examples listed in c), there are infinitely many examples which are not decomposable. The actions on spheres in c) are all linear.
In both dimension 6 and 7, we also classify all pairs of groups (G, H) and homomorphisms H → G × G which give rise to reduced compact simply connected biquotients. See Table 2 for the list of groups and Section 5 for the homomorphisms.
Biquotients of the form (S 3 ) 3 / /T 3 are particularly interesting, see Proposition 4.7. Biquotients of this form fall into three infinite decomposable families and four sporadic examples. They all have cohomology groups isomorphic to those of (S 2 ) 3 , but the ring structure, first Pontryagin class, and second Stiefel-Whitney class distinguish them.
It turns out that in dimensions at most 6, the cohomology rings and characteristic classes completely determine the diffeomorphism type of a compact simply connected biquotient. Hence, we can specify for a given 6 dimensional biquotient G/ /H all the other biquotients which are diffeomorphic to it. It follows from our classification that, with the exceptions of biquotients diffeomorphic to a bundle over S 2 with fiber a 4-dimensional biquotient, all 6-dimensional biquotients have at most finitely many descriptions. In dimension 7, however, the Gromoll-Meyer sphere [16] [25] show that the cohomology rings and characteristic classes no longer classify the diffeomorphism type of the biquotient.
The outline of the paper is as follows. In section 2, we will first cover some preliminary facts about biquotients and their topology, allowing us the classify the possible rational homotopy groups of a biquotient of dimension 6 or 7. In section 3, we consider each of the possible sequences of rational homotopy groups and, using a theorem of Totaro, find a finite list of pairs of groups (G, H) for which a reduced biquotient G/ /H can have these rational homotopy groups. In Section 4, we choose a few representative pairs (G, H) and, for each pair, classify all effectively free reduced biquotient actions of H on G and the diffeomorphism types of G/ /H. Section 5 contains the results for all remaining pairs. This paper is a portion of the author's Ph.D. thesis and he is greatly indebted to Wolfgang Ziller for helpful discussions and guidance.
Background on biquotients
A homomorphism f = (f 1 , f 2 ) : H → G × G, which we will always assume to have finite kernel, defines an action of H on G by h * g = f 1 (h)gf 2 (h) −1 . An action is called effectively free if whenever any h ∈ H fixes any point of G then it fixes all points of G. It is called free if the only element which fixes any point is the identity. One easily sees that a biquotient action of H on G is effectively free iff whenever
It follows easily from this that a biquotient action of H on G is (effectively) free iff the action is (effectively) free when restricted to a maximal torus of H.
As mentioned in the introduction, when the action of H on G induce by f is effectively free, the quotient G/ /H naturally has the structure of a smooth manifold and is called a biquotient. Biquotients were systematically studied in Eschenburg's Habilitation [12] . Also, Totaro [34] showed that if M is compact, simply connected, and diffeomorphic to a biquotient, then M is diffeomorphic to a biquotient G/ /H where G is compact, simply connected, and semisimple, H is connected, and no simple factor of H acts transitively on any simple factor of G. By definition, a simple factor of H is the projection of a simple factor from the universal coverH to H. Hence, we will always assume our biquotients to have this reduced form. Moreover, since we allow our maps f : H → G × G to have finite kernel, we will assume that H is given as a product of a simple Lie group with a torus.
In order to further reduce the scope of the classification, we will use the following fact: Proposition 2.1. Suppose f : H → G × G induces an effectively free action. Then, after any of the following modifications of f , the new induced action is equivalent to the initial action.
1. For any automorphism f of H, replace f with f • f 2. For any element g = (g 1 , g 2 ) ∈ G × G, replace f with C g • f , where C g denotes conjugation.
3. For any automorphism f of G, replace f with
Remark 2.2. One may think that the (f , f ) in 3. can be replaced by (f 1 , f 2 ) for any pair of automorphisms of G. However, this is not the case. For example, if G = Sp(1) × Sp(1) and H = S 1 with the embedding z → (z, 1), (1, z) , then the induced action is free. On the other hand, if f 1 = Id while f 2 interchanges the two S 3 factors, then the action induced by (f 1 , f 2 )•f is not even effectively free -every element of S 1 fixes infinitely many points.
We will only classify biquotients and the corresponding actions up to these three modifications.
There is a strong link between representation theory and part 2 of Proposition 2.1, coming from Malcev's Theorem [26] : Theorem 2.3. Suppose G ∈ {SU (n), Sp(n), SO(n)} and let f, g : H → G be homomorphisms, thought of as n-dimensional complex, quaternionic, or real representations. If f and g determine equivalent representations, then the images in G are conjugate, except possibly when G = SO(2n). In this case, the images are always conjugate in O(2n) and conjugate in SO(2n) iff at least one irreducible subrepresentation is odd dimensional. Conversely, if the images of f and g are conjugate, then there is an automorphism φ : H → H for which f = g • φ.
Rational homotopy theory
One of the main tools involved in the classification of biquotients is rational homotopy theory. A simply connected compact manifold M is said to be rationally elliptic if dim π * (M ) Q < ∞ where π * (M ) Q is shorthand for π * (M )⊗ Q. All Lie group are known to be rationally elliptic with all even degree rational homotopy groups trivial. Further, given any fiber bundle F → E → B, if two of the spaces are rationally elliptic, so is the third by the long exact sequence in rational homotopy groups. Since any biquotient G/ /H with ineffective kernel H gives rise to a principal H/H -bundle H/H → G → G/ /H, it follows that all biquotients are rationally elliptic.
Using rational homotopy theory, Kapovitch and Ziller [19] and Totaro [34] classified all biquotients G/ /H for which H * (G/ /H; Q) is generated by a single element, i.e., all those biquotients which rationally homotopy equivalent to a sphere or projective space. Hence, we will focus our classification on the remaining biquotients.
It turns out, the topology of a simply connected rationally elliptic manifold is very constrained. Let x i be a basis of the vector space π odd (X) Q , the direct sum of the odd degree rational homotopy groups of x, and y j a basis of π even (X) Q . Using the notation |x i | = k if x i ∈ π k (M ) Q , we have the following theorem, see [15] , p. 434:
n be a rationally elliptic manifold.
(1)
We have equality in (4) iff we do not have equality in (5) .
Further, there is a strengthened version of the Hurewicz theorem for rational coefficients. See [27] , p. 207.
Theorem 2.5. Suppose X is a simply connected topological space with trivial ith rational homotopy group for i ≤ r. Then the Hurewicz map π k (X) Q → H k (X; Q) induces an isomorphism for k ≤ 2r and a surjection when k = 2r + 1.
Using these theorems, we prove Proposition 2.6. Let M be a compact simply connected rationally elliptic manifold of dimension 6 or 7 which is not rationall equivalent to either a sphere or projective space. Then the rational homotopy groups of M are abstractly isomorphic to the rational homotopy groups of a product of compact rank one symmetric spaces. The dimensions of these rational homotopy groups are listed in Table 1 . Proof. Pavlov [29] proves this in dimension 6, so we focus on dimension 7. Using Theorem 2.4 and Theorem 2.5 and Poincaré duality over Q, we see that if M is rationally 3-connected, it must be rationally 6-connected as well. It then easily follows that M has the same rational homotopy groups as S 7 and is, in particular, rationally equivalent to S 7 .
If π 2 (M ) Q = 0, but π 3 (M ) Q = 0, by the Rational Hurewicz theorem and Poincaré duality, we must have dim π 4 (M ) ≥ dim π 3 (M ), so dim π 3 (M ) Q = dim π 4 (M ) Q = 1 implying M has the same rational homotopy groups as S 3 × S 4 . Finally, assume dim(π 2 (M )) Q > 0. Using Theorem 2.4, we see that M either has the same rational homotopy groups as
with all other rational homotopy groups are trivial. However, this last case cannot occur.
For, if π 2 (M ) Q = Q, H 2 (M ; Z) contains a Z-summand. Let E be the total space of the S 1 -principal bundle corresponding to a generator of this summand, which one easily sees is simply connected and rationally elliptic. The long exact sequence of homotopy groups shows
The Rational Hurewicz theorem and Poincarè duality imply that H 3 (E; Q) = Q 2 = H 5 (E; Q) and H 4 (E; Q) = Q. Hence, χ(E) < 0, giving a contradiction.
Cohomology ring and characteristic classes
We now outline techniques, due to Eschenburg [13] and Singhoff [32] , generalizing results of Borel and Hirzebruch [6] , for computing the cohomology rings and characteristic classes of biquotients.
If G is any compact Lie group, we will let EG denote a contractible space on which G acts freely and BG = EG/G will be the classifying space of
Eschenburg [13] has shown Proposition 2.7. Suppose f : H → G×G induces a free biquotient action of H on G and consider the reference fibration
There is a map φ G : G/ /H → BG so that the following is, up to homotopy, a pullback of fibrations.
We now fix a coefficient ring R with the property that
x n ] where the deg(x i ) = deg(x i ) + 1 and dx i = x i in the spectral sequence associated to the fibration G → EG → BG. Using this notation, Eschenburg also showed Proposition 2.8. In the spectral sequence associated to the reference fibration G → B∆G → BG × BG in Proposition 2.7, each x i is totally transgressive and
In particular in Proposition 2.7 implies that we can compute the differentials in the fibration G → G/ /H → BH if we can compute the map Bf * on cohomology.
The method for computing Bf * is due to Borel and Hirzebruch [6] . For a torus T = T n , there is a natural isomorphism between H 1 (T ; R) and Hom(π 1 (T ), R). Further, if exp : t → T denotes the exponential map, we can identify π 1 (T ) with exp −1 (0). This allows us to interpret roots and weights of a representation as elements of H 1 (T ; R). By using transgressions of generators of H 1 (T ; R) as generators of H 2 (BT ; R), we can interpret any weight as an element of H 2 (BT ; R). Note also that since the Weyl group of G acts on T , it also acts on H * (BT ; R). Borel and Hirzebruch [6] show Theorem 2.9. Let G be a compact Lie group with maximal torus T and suppose R is a ring with the property that H * (G; R) is an exterior algebra. Then, the map i * : H * (BG; R) → H * (BT ; R) induced from the inclusion i : T → G is injective and the image consists of the Weyl group invariant elements of H * (BT ; R).
By choosing maximal tori T H and T G×G for which f (T H ) ⊆ T ( G×G), this reduces the problem of computing Bf * : H * (BG × BG; R) → H * (BH; R) to the more tractable problem of computing Bf
For computing Pontryagin classes of the tangent bundle to G/ /H, we have the following result due to Singhoff [32] .
Theorem 2.10. Suppose H ⊆ G × G defines a free biquotient action. Then the total Pontryagin class of the tangent bundle to G/ /H is given as
where φ G and φ H are given in Proposition 2.7, and where ∆ + G denotes the positive roots of G, interpreted as elements of H 2 (BT G ; R).
The map φ *
H is computed as the edge homomorphism in the spectral sequence for the biquotient while φ * G is computed by noting φ *
* and using the fact that B∆ * surjective.
Singhoff also proved a similar theorem concerning the Stiefel-Whitney classes. Here, instead of using the maximal torus and roots, one uses the notion of maximal 2-groups and 2-roots of a Lie group. A 2-group of a compact Lie group G is any subgroup isomorphic to (Z 2 ) n for some n. We caution that, while the rank of a Lie group is an invariant of its Lie algebra, the 2-rank of a Lie group, that is, the dimension as a Z 2 -vector space of a maximal 2-group, depends on the group itself. The 2-roots of G are defined analogously to the roots: the adjoint representation of G, when restricted to a maximal torus T G , breaks into root spaces. Likewise when the adjoint representation of G is restricted to a maximal 2-group Q G it breaks into 2-root spaces. We can view each 2-root as a map Q G → Z 2 which induces, via the fibration
More generally, given a basis for Q G as a Z 2 -vector space, the dual basis can be canonically identified as generators of
. Using this identification, Singhoff has shown [32] Theorem 2.11. (Singhoff ) Suppose H ⊆ G×G defines a free biquotient action, then the total StiefelWhitney class of the tangent bundle of G/ /H is given as
where ∆ 2 G denotes the 2-roots of G, thought of as elements of H 1 (BQ G ; Z 2 ), and where φ * G and φ * H are the maps induced on cohomology with Z 2 coefficients.
The 2-roots of the classical groups and G 2 are recorded in [6] .
Listing the pairs (G, H)
The goal of this section is to prove the following theorem.
Theorem 3.1. Table 2 contains all pairs (G, H) of compact Lie groups (given only up to finite cover) giving rise to a reduced compact simply connected biquotient G/ /H of dimension 6 or 7 which is not rationally equivalent to a sphere or projective space. For each such pair, the table characterizes the rational homotopy groups of G/ /H via a prototypical example.
Prop 5.4 Table 2 : Groups giving rise to a reduced 6-or 7-dimensional biquotient One easily sees that each pair gives rise to a biquotient. In Section 5, we list all possible effectively free actions.
To prove this theorem, we use a theorem of Totaro's which relates the topology of a reduced biquotient G/ /H to the topology of G. To properly state Totaro's theorem, we need a preliminary definition.
Definition. For a biquotient G/ /H, let G i be a simple factor of G and consider the fibration H → G → G/ /H. We say G i contributes degree k to G/ /H if the homomorphism π 2k−1 (H) Q → π 2k−1 (G i ) Q in the long exact sequence of rational homotopy groups associated to this fibration is not surjective.
In particular, using the fact that π 2k (G) Q = 0 for every Lie group, it follows that if
In order for this homomorphism to fail to be surjective, π 2k−1 (G i ) Q must be non-zero. For each simple group G the values of k for which π 2k−1 (G) Q = 0 are known and tabulated in Table 3 . 
In each of the four cases, the second highest degree is 2n − 1, 4, 4, or 9 respectively.
(3) G 1 = SO(2n) with n ≥ 4, contributing degree n and there is a simple factor H 1 of H such that H 1 = SO(2n − 1) acts on G 1 on one side in the standard way with G 1 /H 1 = S 2n−1 .
(4) G 1 = SU (2n + 1) and there is a simple factor H 1 of H such that
In this case, G 1 contributes degrees 2, 4, 6, ..., 2n.
Note that in case (4), every element of H 1 fixes a point in G 1 and that H 1 is maximal in G 1 × G 1 . In particular, no other simple factor of H can act on G 1 , and hence H must act freely on the remaining factors of G. It follows that the dimension of G/ /H is at least the dimension of SU (3), so case (4) cannot occur for biquotients of dimension smaller than eight.
We also point out that the highest non-zero rational homotopy group in Table 1 for a product of symmetric spaces is π 7 , corresponding to degree 4. Hence, Theorem 3.2 immediately implies the only exceptional Lie group which can appear as a simple factor of G is G 2 and that the cases (2) and (3) are very constrained. We also observe that if G/ /H is a reduced biquotient, every simple factor of G contributes at least one degree, either its highest or second highest. In particular, the number of simple of factors of G is bounded above by dim π odd (M ) Q . Further, by inspecting the long exact sequence of rational homotopy groups of the fiber bundle H → G → G/ /H and using the fact that the even degree rational homotopy groups of a Lie group are trivial, we make the following observation. Proposition 3.3. Suppose M = G/ /H is a reduced biquotient. Let m be the number of simple factors of G, n be the number of simple factors of H, and let k be the dimension of the torus factor of H.
Note that if π 2 (M 6 ) Q = 0, then there is a corresponding 7-dimensional entry in Table 1 with the same higher homotopy groups as M , but with the dimension of π 2 smaller by 1. In particular, using Proposition 3.3, one sees that if the pair (G, H × S 1 ) gives rise to a biquotient with the same rational homotopy groups as M 6 , then (G, H) gives rise to one for the corresponding 7-dimensional entry.
Finally, also note that in Table 3 that Sp(n) and SO(2n + 1) have the same rational homotopy groups and thus, when cataloging all possible pairs (G, H) giving rise to a 6-or 7-dimensional biquotient, anytime SO(2n + 1) appears, there will be a corresponding pair containing Sp(n). Of course, the low dimensional isomorphisms Spin(1) ∼ = SU (2) and Spin(2) ∼ = Sp (2) imply that this only potentially gives rise two a new biquotient for n ≥ 3. On the other hand, we will see that when SO(7) appears, it either must contain a copy of G 2 or SO(6) or it must be a subgroup of SO (8) . Simple representation theory shows Sp(3) contains neither G 2 nor SO(6), and also that it is not a subgroup of SO (8) . Hence, the groups Sp(n), n ≥ 3 do not arise.
With these observations, we can now prove Theorem 3.1.
Proof. Let M = G/ /H be a reduced biquotient which is not rationally equivalent to a sphere or projectice space. Then, by Proposition 2.6, the rational homotopy groups of M can be found in Table 1 . We now proceed in three cases depending on the rational homotopy groups of M . Assume initially that M ∼ = G/ /H has π 3 (M ) Q nontrivial but all other odd degree rational homotopy groups vanishing. This implies G has precisely dim π 3 (M ) Q factors, which, by Proposition 3.3, implies H has no simple factors. Thus, H is a torus of dimension dim π 2 (M ) Q , and then, by dimension counting, G must be a product of SU (2)s. This proves Theorem 3.1 when M has the same rational homotopy groups as
Next, assume M ∼ = G/ /H has the same rational homotopy groups as
, G has at most two factors. Proposition 3.3 implies that H has the same number of simple factors as G and since π 2 (M ) Q = 0, H has no circle factors. If G is simple, it must contribute degree 4. If this is the largest degree of G, then G = SU (4) or Sp(2) and H is, respectively, SU (3) or Sp(1). However, Kapovitch and Ziller [19] show that with these pairs of groups, G/ /H must be rationally S 7 . If, on the other hand G does not contribute its highest degree it must have a second highest degree of 4. Totaro's theorem cases (2) and (3) imply that G/ /H must then be a sphere or S 7 × S 7 . Thus, we assume G = G 1 × G 2 and H = H 1 × H 2 has two factors. Then one of the two factors of G, say G 1 must contribute a degree 4 to M while the other contributes degree 2. Since the degree 2 does not appear in case (2) and (3) of Totaro's theorem, G 2 must contribute its maximal degree, so G 2 = SU (2). If G 1 contributes its highest degree, then G 1 = SU (4) or Sp (2) . In this case, dimension counting implies H = SU (3) × SU (2) or SU (2) 2 , respectively. Next, assume G 1 does not contribute its highest degree. From Totaro's theorem (2) and (3), we see that (G 1 , H 1 ) is one of the following: (SO(8), G 2 ), (SO(7), G 2 ), or (SO(8), SO (7)). We must then have dim H 2 = 10, 3, or 3, respectively, so H 2 = Sp(2) or SU (2). However, the case (G, H) = (SO(8) × SU (2), G 2 ×Sp(2)) cannot arise. This follows because there are no nontrivial homomorphisms from G 2 or Sp(2) into SU (2), and hence, H must act on SO(8) freely, with quotient 4-dimensional. However, the classification of 4-dimensional reduced biquotients [8] shows this case cannot arise. This proves Theorem 3.1 when M has the same rational homotopy groups as S 3 × S 4 . From one of the the previous observation, by changing each occurance of H to H × S 1 , this proves Theorem 3.1 when M has the same rational homotopy groups as S 2 × S 4 as well.
Finally, assume M has the same rational homotopy groups as 2) . If, instead, 3 is the second highest degree of G 1 , then G 1 = SU (4) and we are in case (2) of Totaro's theorem, so H = Sp(2) × S 1 . This proves Theorem 3.1 when M has the same rational homotopy groups as either
Analyzing each pair (G, H)
In this section, we will select a few characteristic pairs (G, H) from Table  2 and classify all the effectively free biquotient actions of H on G and then determine the diffeomorphism type of the quotient. Section 5 will contain results for the remaining pairs.
π
denote one of the four entries in Table 2 having the same rational homotopy groups as S 2 × S 4 .
2 gives rise to a reduced effectively free biquotient action. Then H 1 ×SU (2) acts trivially on SU (2) and freely on G 1 , so the quotient has the form S 4 × S 1 S 3 . Further, the action of S 1 on S 4 is linear, while the action of S 1 on S 3 is, up to ineffective kernel, the Hopf action. In particular, the biquotient is naturally the total space of an S 4 bundle over S 2 .
Proof. Consider the restriction of the H action to 1 × SU (2). Since up to conjugacy, there is a unique non-trivial homomorphism from SU (2) to itself, Proposition 2.1 implies the only two nontrivial biquotient actions of SU (2) on itself are given by left multiplication and conjugation. Since the action is reduced, the action, if nontrivial, must be by conjugation. In all cases but the second, there are no nontrivial homomorphisms from H 1 into SU (2), so H 1 acts trivially on SU (2). In the second case, (G, H) = (Sp(2) × SU (2), SU (2) 2 ), the argument of the previous case again shows that the action of SU (2) × 1 on SU (2) must be either trivial or by conjugation. But SU (2) × 1 and 1 × SU (2) cannot both act by conjugation, so, without loss of generality, we assume H 1 does not act on SU (2).
It follows that H must act effectively freely on G 1 , giving a 4-dimensional biquotient. These were classified in [19] : H 1 acts only one one side of G 1 and G 1 /H 1 = S 7 , which SU (2) then acts on via the Hopf action, or
We now add in the circle action. When the SU (2) factor of H acts by conjugation on the SU (2) factor of G, the subgroup defining the action is maximal. Hence, in this case, H must act freely on G 1 . This is impossible for rank reasons, so SU (2) must act trivially on the SU (2) factor of G. It follows from this that the biquotient has the form S 4 × S 1 S 3 . If we equip G 1 × G 2 with a bi-invariant metric, the induced metric on S 4 × S 3 is a product of round metrics and so the S 1 action is linear. Further, every linear action of S 1 on S 4 has a fixed point, so in order for S 1 to act effectively free, it must act, up to ineffective kernel, as the Hopf map on S 3 .
Since π 1 (SO(5)) ∼ = Z/2Z, there are precisely two S 4 bundles over S 2 . From the Gysin sequence, one easily sees that the cohomology rings of the two bundles are abstractly isomorphic. However, the two manifolds are not homotopy equivalent: the second Stiefel-Whitney class, a homotopy invariant [39] , distinguishes them.
We will work out the details for (G, H) = (Sp(2) × Sp(1), Sp(1) 2 × S 1 ) where the action of Sp (1) 2 on Sp(2) only occurs on one side, leaving the calculations for the other biquotients to Section 5. Using Proposition 2.1, we may assume these biquotients are defined by a map f = (f 1 , f 2 ) : H → G×G where
where we assume that gcd(a, b, c) = 1. Letting z be an a-th root of unity, we see that z fixes a point of S 4 × S 3 , and hence, must act trivially. It follows that diag(z b , z c ) must be in the center of Sp (2), that is, z b = z c ∈ Z(Sp(2)) = {±I}, so every ath root must be a 2bth and 2cth of unity. Thus, a = 1 or 2, and, if a = 2, then b and c must both be odd.
At this point, one can immediately see that when a = 1, the quotient is diffeomorphic to S 4 × S 2 , independent of b and c. For, according to [6] , H has no nontrivial 2-roots and the 2-roots of G all have multiplicity 4, so Proposition 2.11 thus implies the smallest possible nontrivial Stiefel-Whitney class is in dimension 4.
For the case when a = 2, the element (−1, −1, −1) ∈ H acts trivially on G and so the action is merely effectively free, not free. In particular, the techniques for computing the cohomology and characteristic classes given in section 2 do not directly apply. To get around this, we will adopt a more geometric view. 
and
where z = e iθ . In particular, the homomorphism defining S 1 action on SO(5)/SO(4) = S 5 is homotopic to the map diag (R (bθ) , 1, 1, 1). Since b is odd, this map is essential, so the quotient is the unique nontrivial S 4 bundle over S 2 . )) denote one of the four entries in Table 2 having the same rational homotopy groups as S 3 × S 4 . The first part of the proof of Proposition 4.1 shows:
2 defines a reduced effectively free biquotient action. Then the action of H 1 on G 1 is free and either 
In particular, since p 1 mod 24 is a homotopy invariant [3] , X, Y , and S 3 × S 4 are distinct up to homotopy.
Proof. We will only do the computation for X, the computation for Y being analogous. For definiteness, we will use
and use the maximal tori
Hence, we can write
where deg(s i ) = i and deg(t 3 ) = 3. Then by Proposition 2.8, in the spectral sequence associated to the fibration G → BG → BG × BG, we have
The map f : H → G × G defining the biquotient action is given by f (p, q) = (f 1 (p, q), f 2 (p, q)) where
Hence, we see maps
Bf * 2 (y) = z 1 . Thus, in the spectral sequence for the fibration G → G/ /H → BH, we have
Computing the spectral sequence for the fibration of the biquotient, we see that E ∞ 0,3 = Z generated by t 3 , but all other E ∞ p,q with 0 < p + q ≤ 3 are trivial. Hence,
which we identify with the map φ *
We now compute the first Pontryagin class of X. Proposition 2.10 gives
The positive roots of G, ∆ + G are given by x 1 + x 2 , x 1 − x 2 , 2x 1 and 2x 2 and 2y while the positive roots of H are 2z 1 and 2z 2 . Further, notice that any λ ∈ H * (BG) is of the form B∆ * (1 ⊗ λ), and hence
Using this and the fact that Bf * 2 (x i ) = 0, we compute
In this subsection, G will denote SU (2) 3 and H will denote T 3 . It turns out that working directly with a homomorphism f : H → G 2 to determine the biquotient action is cumbersome, so, following Totaro [35] we adopt a more geometric approach. To begin with, we consider S 1 = {z ∈ C : |z| = 1} and
. We note that the biquotient action of T 3 on SU (2) given by
Conversely, the action of T 3 on S 3 given by
is equivalent to one on SU (2) with m i = α i + β i and n i = α i − β i . It follows that any linear action of H on (S 3 ) 3 is orbit equivalent to a biquotient action of H on G.
We now focus on the geometric description of H biquotient actions on G. Note that the action induced by a homomorphism f : H → SO (3) 3 is free iff f is injective. In particular, by dividing H by the kernel of f , we may assume that the action is effective. Proposition 4.5. Suppose f : H → G 2 defines a free action. Then, up to the modifications in Proposition 2.1, the action has the form
Further, if these entries are put into a matrix as
det(A) = ±1 and each of the three 2 × 2 diagonal cofactors also has determinant ±1. Conversely, every such 3 × 3 matrix defines a free action of H on (S 3 ) 3 .
Proof. Totaro [35] has proven that a biquotient action in the form of the proposition is free iff each of the listed determinant conditions holds, so we need only show that we can modify any action to have that form. A general action looks similar to the action above, except the action on the p i coordinate takes the form z
3 . This again contradicts freeness of the action, so det(X) = ±1. It follows that X −1 is integral. By precomposing f with the homomorphism induced from X −1 , the action now has the desired form on the p i coordinates. Totaro's proof implies that each of the powers of z i on the q i coordinate must be ±1.
We now need to classify all 3 × 3 matrices of the form
with det(A) = ±1 and all diagonal cofactors equal to ±1. To simplify this, we note how the modifications of Proposition 2.1 change the entries of the matrix while still giving an equivalent action.
First, in the above proof, we used the p coordinates of each factor to reparamaterize the T 3 action. If, instead, we used the q coordinates on the first S 3 and the p coordinates on the remaining factors, this changes matrix defining the action from
Second, the outer automorphisms given by simultaneously swapping factors of G and H corresponds, in the matrix description, to simultaneously swapping a pair of rows and the same pair of columns. Further, the inner automorphisms given by conjugation by 0 −1 −1 0 on the ith factor corresponds to simultaneously multiplying the ith row and column by −1. Using these, the diagonal cofactor equation 1 − a 2 b 1 = ±1 implies, that, up to equivalence, we may assume (a 2 , b 1 ) = (2, 1) or (0, b 1 ) . Now, a case by case analysis easily demonstrates the following proposition. 
The families are all decomposable: for the first family, if we first quotient by the third circle factor, and then quotient by the remaining T 2 , we see G/ /H is naturally the total space of an S 2 bundle over CP 2 #CP 2 . For the second family, quotienting by T 2 × {1} ⊆ H and then by the remaining S 1 naturally gives G/ /H the structure of an C 2 #CP 2 bundle over S 2 . Every biquotient in the third family is naturally the total space of a fiber bundle in two ways -first, as an S 2 bundle over either S 2 × S 2 or CP 2 # − CP 2 , depending on the parity of b 1 . Second, it is a bundle over S 2 with fiber either S 2 × S 2 or CP # − CP 2 , depending on the parity of c 2 . The four sporadic examples are not decomposable.
We now compute the topology of a these examples. Proposition 4.7. Two biquotients of the form (SU (2) 3 )/ /T 3 are diffeomorphic iff they are homotopy equivalent. The four sporadic examples are distinct up to homotopy, and two of them are diffeomorphic to memebers in a family, while the other two are not homotopy equivalent to any biquotient in a family. A biquotient in a particular family is homotopy equivalent to at most finitely many other biquotients in the same family with one exception: those in the third family with c 2 = 0 or 2c 1 − b 1 c 2 = 0 fall into only four diffeomorphism types. Further, no biquotient in a family is homotopy equivalent to a biquotient in a different family, again, with one exception: the biquotient with c 1 = c 2 = 0 in the first family and the biquotient with a 3 = b 3 = 0 in the second family are both diffeomorphic to S 2 × CP 2 #CP 2 .
We will only prove this theorem for a subset these biquotients: those in the first family and the four sporadic examples, leaving the rest to an appendix. To do so, we will compute the cohomology rings and characteristic classes of these biquotients and we will see that the cohomology groups are always isomorphic to those of (S 2 ) 3 , but generally the ring structures are different. In particular, the cohomology is torsion free. Hence the 6-dimensional classification results of Jupp [18] and Wall [36] , corrected by Zubr [40] , imply that these invariants classify the manifolds up to diffeomorphism.
To use Eschenburg and Singhoff's approach, we must first convert our actions, defined in the style of Proposition 4.5, to biquotient actions. But, it is easy to see that the biquotient action defined by the map f = (f 1 , f 2 ) :
and where f 2 maps (u, v, w) to
has the same orbits as the action defined by the matrix
Unfortunately, while all of these biquotient actions are effectively free, none are free, so the approach of Eschenburg and Singhoff does not directly apply. However, since each simple factor of G is a special unitary group and H is a torus, we can modify the action so the techniques do apply.
If f : H → G × G defines an effectively free biquotient action of H on G, then there is a homomorphism g : H → G × G with the following properties:
3. The H/ ker(g) orbit through any point of G is the same as the H orbit.
In particular, the biquotient G/ /H, with H action on G defined by f is canonically diffeomorphic to G/ /(H/ ker(g)) with action defined by g.
Proof. By Proposition 2.1, we may assume f = (f 1 , f 2 ) maps H into the standard maximal torus of G × G. We modify f so as to have a 1 in the (1, 1) slot of each matrix π i (f 1 (z)) where π i : G → SU (n i ) is the canonical projection. More precisely, for each i between 1 and k, let p i : G → C be the projection of G onto the (1, 1) entry of the SU (n i ) factor. The map p i is not a homomorphism, but q i = p i • f 1 : H → S 1 is. We let q : H → Z(G ) be defined by q(z) = (q 1 (z) · I, . . . , q k (z) · I) and then let g(z) = f (z) · q(z). One easily verifies this has all the required properties.
Applying this proposition to our biquotients, we get the free action of H on G defined by g = (g 1 , g 2 ) : H → (U (2) 3 ) 2 with g 1 mapping (u, v, w) to
and with g 2 mapping (u, v, w) to
Because the action of H on G is now free, Eschenburg and Singhoff's techniques apply to give us information about G / /H. To relate this information back to our original biquotient G/ /H, we use the following commutative diagram of fibrations
The two vertical fibrations on the right come from Proposition 2.7, the first vertical fibration comes from the effectively free H action on G, and where j : G/ /H → G / /H is induced from the natural inclusion i : G → G . Carrying this out for our biquotients, as in the proof of Proposition 4.4, gives the following proposition.
Proposition 4.9. The cohomology ring of the biquotient G/ /H associated to the integers (a 2 , a 3 , b 1 , b 3 , c 1 , c 2 ) is given by Z[u, v, w]/I where |u| = |v| = |w| = 2 and I is generated by u(u + a 2 v + a 3 w), v(b 1 u + v + b 3 w), and w(c 1 u + c 2 v + w). The first Pontryagin class In particular, it follows that H * (G/ /H; Z) is isomorphic, as a group, to H * ((S 2 ) 3 ; Z), so is torsion free. We use the notation R c 1 ,c 2 to denote the biquotients in the first family and A 1 , i = 1 to 4 to denote the 4 sporadic biquotients. We now distinguish the A i biquotients from the R biquotients. Proposition 4.10. There is a characteristic class preserving isomorphism between the cohomology rings of A 2 and R 0,1 and between the cohomology rings of A 4 and R 0,2 , so A 2 and R 0,1 are diffeomorphic as are A 4 and R 0,2 . Neither of the cohomology rings of A 1 or A 3 are isomorphic to the cohomology ring of any R biquotient the first Pontryagin class of A 1 and A 3 are distinct mod 24, so these biquotients are distinct up to homotopy.
Proof. For A 2 , the map sending u ∈ H * (R 0,1 ) to u + v + 2w, v to u + 2w, and w to w is easily seen to extend to a ring isomorphism carrying characteristic classes to characteristic classes. Likewise, for A 4 , one can use the map sending u ∈ H * (R 0,2 ) to u + v + w, v to u + w, and w to w. For the negative statements, the key point is that every R biquotient, being a bundle over CP 2 #CP 2 , has two degree 2 generators, u, v ∈ H 2 (R), satisfying u 2 = −2uv = −2v 2 . The rings A 1 and A 3 do not share this property. For example, in the cohomology ring of A 1 , if one sets α = au + bv + cw and β = du + ev + f w, then the uw component of the equation α 2 = 2β 2 , taken mod 2 implies that b is even. Likewise, the uw component implies c is even, which then implies, via the vw component, that f is even. Looking at the uw component mod 4 then proves that a is even, so α is not a generator. A similar argument works for A 3 .
Finally, for A 1 , p 1 is a generator while for A 3 , p 1 is 10 times a generator. Hence, taken mod 24 they do not coincide.
It remains to distinguish the rings in the R family individually. 
. If they are isomorphic, then there is an isomorphism mapping characteristic classes to characteristic classes. In particular, two such biquotients are homotopy equivalent iff they are diffeomorphic.
Proof. To begin with, we make the substitution u = u + v. In the (u , v, w) coordinates, the R rings have the form Z[u , v, w]/I where I is generated by (u ) 2 = v 2 , u v = 0, and w 2 = −c 1 u w − (c 1 − c 2 )vw. A simple calculation shows that u and v are, up to reordering and changing signs, the only two elements in H 2 satisfying (u ) 2 = v 2 and u v = 0, and further, that the map swapping these two elements extends to a characteristic class preserving isomorphism of R (c 1 , c 2 ) . Thus, we may assume that any isomorphism f :
2 and likewise for v. This, in turn, implies that f (w) = w + au + bv ∈ R d 1 ,d 2 for some integers a and b.
In order for this to be well defined, we must have f (w)
2 , u w, and vw components of this equation gives the three equations
The second and third equations clearly imply c i ∼ = d i (mod 2). Solving the second equations for a and b and plugging into the first and rearranging then gives c
2 as claimed. Hence these conditions are necessary. A simple calculation then shows that these conditions are also sufficient to define an isomorphism and that this isomorphism carries characteristic classes into characteristic classes.
From here, we have a simple corollary.
Corollary 4.12. Every S 2 bundle over CP 2 CP 2 whose structure group reduces to S 1 is a biquotient.
Proof. Let M denote a biquotient corresponding to a ring in R.
is the total space of an S 2 bundle over CP 2 CP 2 . Since the T 2 acts linearly on the S 2 factor, M is the sphere bundle of a vector bundle which we denote R 3 → M → CP 2 CP 2 . We let π : M → CP 2 CP 2 denote the projection. Using the Gysin sequence, we identify the subalgebra generated by elements u and v in the above proof as the image of π * : H 2 (CP 2 CP 2 ) → H 2 (M ). Then T M ⊕1 is naturally isomorphic to π * (T CP 2 CP 2 )⊕π * (M ). Hence,
Using the fact that p 1 (CP 2 CP 2 ) = 6(u ) 2 and that π * is injective on H 4 we solve this equation for p 1 (M ) and find that p 1 (M ) = [c
where gcd(a, b, c) = 1 and b| gcd(a, 2c). For f 1 , the gcd conditions imply a = 1 or 2. When a = 1, the quotient is diffeomorphic to S 2 × S 4 . When a = 2, the quotient is diffeomorphic to S 4× S 2 . For the second action f 2 , the quotient is always diffeomorphic to S 2 × S 4 .
For (SO(7) × SU(2), G 2 × SU(2) × S 1 ), there is a family of biquotient actions given by a|(2b, 2c) . This condition implies a = 1 or a = 2. If a = 1, the quotient is diffeomorphic to S 2 × S 4 . If a = 2, and one of b and c is even, the quotient is also diffeomorphic to S 2 × S 4 . If a = 2 and both b and c are odd, the quotient is diffeomorphic to S 4× S 2 .
When G/ /H has the same rational homotopy groups as CP 2 × S 2 , we have the following proposition. family (a, b, 0) naturally have the structure of CP 2 bundles over S 2 and thus, fall into three homotopy types depending only on a + b mod 3. The biquotients in the family (0, 0, c) naturally have the structure of an S 2 bundle over CP 2 with structure group S 1 . Conversely, every such fiber bundle is diffeomorphic to one of these biquotients. Other than the fact the biquotient (0, 0, c) is diffeomorphic to (0, 0, −c), the biquotients in the second family have distinct homotopy types, and, when c = 0, are distinct from the three biquotients in the other family.
For biquotients with the same rational homotopy groups as (S 2 ) 3 , that is, for the pair ((SU(2)) 3 , T 3 ), see Propositions 4.6 for a classifcation of the effectively free actions and Proposition 4.7 for the classification of the diffeomorphism types of the quotients.
For biquotients with the same rational homotopy groups as S 3 × S 4 , that is, for the pairs SU(4) × SU(2), SU(3) × SU(2), (Sp(2) × SU(2), SU (2) 2 ), (SO(7) × SU(2), G 2 × SU(2)), and (SO(8) × SU(2), SO(7) × SU(2)), see Proposition 4.3 for a classification of the effectively free actions and Proposition 4.4 for the classification of the diffeomorphism types of the quotients.
For biquotients with the same rational homotopy groups as S 3 × CP 2 , we have the following proposition.
where gcd(a, b, c, d, e) = 1. Such an action is free iff gcd(abc, de) = 1.
Finally, we come to the case where G/ /H has the same rational homotopy groups as S 2 × S 2 × S 3 .
Proposition 5.4. For the pair (SU(2) 3 , T 2 ), every biquotient action is equivalent to a linear action of T 2 on (S 3 ) 3 , which, thinking of (S 3 ) 3 = {(p, q, r) ∈ (C 2 ) 3 : |p| = |q| = |r| = 1}, we can express as where we assume without loss of generality that gcd(a, b, e, g, i) = gcd(c, d, f, h, j) = 1.
Such an action is free iff all the following gcds are 1: gcd(a, d), gcd(ab, gi), gcd(df, hj), gcd(a, eh − gf ), gcd(a, ej − if ), gcd(d, bh − cg), gcd(d, bj − ic), gcd(bf − ec, bh − gc, eh − f g), gcd(bf − ec, bj − ic, ej − if ).
